Central Limit Theorem for Averages

Suppose that we are taking samples of size n iterfiem a large population with meanp and
standard deviationo. Each sample taken from the population has its owaverage X .
The sample averagesX follow a probability distribution of their own.

The average of the sample averages is the populatiaverage: | Uy =M

The standard deviation of the sample averages equsal o o
the population standard deviation Oy =—F= = F7———=
divided by the square root of the sample size Jn sample size

The shape of the distribution of the sample averagexis normally distributed
IF the sample size is large enough
OR

IF the original population is normally distributed o
The larger the sample size, the closer the shape X~N H,—
of the distribution of sample averages \/ﬁ
becomes to the normal distribution.

Amazingly, this means that even if we don't knoe dlstribution of individuals in the original pojtilon, as
the sample size grows large we can assume thaathple average follows a normal distribution.

We can find probabilities for sample averages usinthe normal distribution,
- even if the original population is not normally didributed.
- even if we don't know the shape of the distributiorof the original population.

How large does the sample size need to be in orderuse the Central Limit Theorem?

The value of n to be a "large enough” sample sizeeghends on the shape of the original distribution of
the individuals in the population

If the individuals in the original population follow a normal distribution, then the sample averages
will have a normal distribution, no matter how smal or large the sample size is.

If the individuals in the original population ( Xdp not follow a normal distribution, then the saenp
averagesX become more normally distributed as the sampkegiaws larger. In this case the sample
averagesX do not follow the same distribution as the origipapulation.

The more skewed the original distribution of indivdual values, the larger the sample size needed.
If the original distribution is symmetric, the sample size needed can be smaller.

Some statisticians use the rule of thumb thaB0 is the minimum sample size to use the CeniritL
Theorem; you will see this in many other textbooBsit in reality there is not a universal minimum
sample size that works for all distributions; taengle size needed depends on the shape of theabrig
distribution.

In your homework in the textbook in chapter 7, assihe sample size is large enough for the Central
Limit Theorem to be used to find probabilities fr.
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Central Limit Theorem Practice Problems
Class examples selected from those below; some but not all problems donein class.

. A biologist finds that the lengths of adult fishd species of fish he is studying follow a norrfiatribution
with a mean of 10 inches and a standard deviafi@nmches.

Find the probability that an individual adudtfis between 9.5 and 10.5 inches long.

Find the probability that for a sample of 1@iladish, the average length is between 9.5 an8l it@hes
Find the probability that for a sample of 2bilafish, the average length is between 9.5 anf iti@hes.
Sketch the graphs of the probability distribos for a, b, and ¢ on the same axes showing hesttape of
the distribution changes as the sample size changes

. a. Explain what happens to the standard deviatioX as the sample size increases.
b. Explain in words how this shows up in thagr of the sample averaggsas the sample size increases.

. Suppose that the length of time that a studentsvaithelp in the Student Services Building dutting first week
of class follows an exponential distribution witlm@an of 5 minutes.

Find the probability that an individual stutiemits between 4 and 6 minutes.

Find the probability that for a sample of s36dents the average wait is between 4 and 6 nsinute

Find the probability that for a sample of G4dents the average wait is between 4 and 6 minutes

Sketch the graphs of the probability distribos for a, b, and ¢ on the same axes showing hewsttape of

the distribution changes as the sample size changes

. The ages of students riding school busses in a litg are uniformly distributed between 6 and &érg old.

Find the probability that in individual studémbetween 10 and 12 years old.
Find the probability that for a randomly sedetsample of 36 students who ride school busstésirity,
the average age is between 10 and 12 years old.

. Find the probability that for a randomly sedetsample of 64 students who ride school bussisiity,

the average age is between 10 and 12 years old.

. Sketch the graphs of the probability distribng for a, b, and ¢ on the same axes showing hewsttape of

the distribution changes as the sample size changes

. What happens to the shape of the distribution wlenlook at sample averages instead of individuals?

. Power plants and industrial processes use water $aurces such as rivers to regulate temperature.

The water is taken from the river, run throughlitwppipes to cool the power or production process]
then is released (clean) back into the river. Emagerature of the released water must be monitdosely.
Fish and plants living in the river are very sewsito the water temperature; seemingly small teatpee
differences can affect survival. Suppose that wased to cool an industrial process is releasedamtver;
the temperature of the released water follows &mamn distribution that is skewed to the right watin
average temperature of 14Clwith a standard deviation of 2(.

Explain why you can't find the probability thiage water released into the river is more theftC15

Find the probability that for a sample of 43sjghe average temperature of released waterris than 13C.
For samples of 60 days, would the shape gbtbleability distribution for sample averages beveid to the
right, like the original distribution of temperagsron individual days? Explain why or why not.

. Question 1 revisited: Refer to parts a, b

. Find the 80 percentile of individual adult fish lengths. Imeet the 88 percentile in the context of the problem.

Find the 88 percentile of average fish lengths for samplestoadult fish
If we were to take repeated samples of 16 fish, 808l possible samples of 16 fish would have
average lengths of less than inches.

. Question 4 revisited: Refer to parts a, b
Find the third quartile of ages of individualdents riding the school bus and write the inttigiion.
Find the third quartile of average ages of dampf 36 students who ride school busses in this ¢
If we were to take repeated samples of 36 studititg school busses, 75% of all possible sampmsd
have average ages less than years



